Diff Eqns for Scientists
IDC205 Assignment 7 07 November, 2018

Solutions to Assignment 7

1. Find the Fourier series for the following functions:

(a)
f(ac):{l 0<z<nm

0 —7<r<0

Solution: We calculate

Next, we have (for n > 1)

1 [" i i
a, = —/ cos(nx)dx = sin(na)
0

™

Similarly, we have

1 /[T - "
b, = —/ sin(nx)dx = —cos(na)
0

™ nim

_JO0 n=2k
12 n=2k+1
Putting it all together the Fourier series is

[e.9]

1 2 sin((2k + 1))
RO D ey

Next, we have

S /0 " sin(z) cos(x)dz = /O ! Sin(;x)dx _ % (—002(29:))

™
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Next, we have (for n > 2)

a, = 1 /07T sin(x) cos(nx)dx = 1 /Oﬂ sin((n + D) — sin((n = 1)I)dx

T T 2
1 [(—cos((n+1)z) cos((n—1)z)\|"
S +
2m n+1 n—1 0
B {o n=2k+1
(n2:21)7r n =2k

Similarly, we have

1 [ 1 [M1— 2 1 — sin(2 1
by = —/ sin(z) sin(x)dzr = —/ de == z = sin(2) =
T Jo T Jo 2 T 2 oo 2
Similarly, we have for n > 2
1 [" [ —1lz) — 1
b, = —/ sin(x) sin(nz)dr = —/ cos((n = D)) — cos((n + )x)dx
T Jo T Jo 2
1 (sin((n=1)z sin((n+Dz)\|[* _ 0
27 n—1 n+1 =0 B

Putting it all together the Fourier series is

B Z cos(2kx) sm(m)

Solution: We calculate

1 [" 2
aoz—/ 2ty = =
T Jo 3
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Next, we have (for n > 1)

™
ay, = —/ 2% cos(nz)dx
0

7r
_ l/ p (xQSm(nx) N 2xcos(mc) B 2sm(mﬁ))
0 n

7T n? n3
1 xZSin(nx) N 2$cos(nx) B 2sin(nx) "
™ n n? n3 =0
n 2
=(-1) 2

Similarly, we have

1 s
b, = —/ 2% sin(nx)dz
0

T
_ l/ p (—mQ cos(nx) N 2xsm(naz) N 200s(na:)>
0

T n n? n3
_ 1 _JCQCos(naz) N 2$sin(m:) N 2cos(nx) "
T n n? n3 =0
—-1)" -1)" -1
IS NET,
n n3m

Putting it all together the Fourier series is

n n3m

2. Use the answers in the previous exercise to calculate the Fourier series for the following
functions:

(a)
f(z):{l 0<z<nm

-1 —7<x<0

Solution: If fy(z) denotes the function in Q1(a), then f(z) = fo(x) — fo(—x).
Since the constant term in the Fourier series will cancel out, and the sin(nz) —
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sin(—nz) = 2sin(nx) this gives the Fourier series of f(z) as

4isin 2k:+1 ))
™= (2k + 1

Solution: If fy(x) denotes the function in Q1(b), then f(z) = fo(z) + fo(—2x).
Since sin(z) + sin(—z) = 0, and cos(nx) + cos(—nx) = 2 cos(nx) this gives the
Fourier series of f(x) as

f(x) = 2* for z € [-7, 7|

Solution: If fy(z) denotes the function in Q1(c), then f(z) = fo(x) + fo(—x).
So, as above we are left with twice the cosine series.

7 CR— 4 cos( mc)
FRP

f(z) = z|z| for x € [—m, 7.

Solution: If fy(z) denotes the function in Q1(c), then f(z) = fo(x) — fo(—x).

So, as above we are left with twice the sine series.

25‘{ <—7r(_$)n + 2(_173:; 1) sin(na)

3. (Starred) Given a < b in [—m, 7], Find the Fourier series for the functions given below:

(a)

0 otherwise

f(m):{l anS.b
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f(x):{x a<x<b

0 otherwise

4. (Starred) Use the previous exercise with scaling and linearity to find the Fourier Series
of any piecewise linear function.
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