Diff Eqns for Scientists

IDC205

Assignment 3 27 August, 2018

Solutions to Assignment 4

1. Determine with of the following are exact and solve those which are exact. (Taken from
Section 2.8 of Simmons’ book on differential equations.)

(a) ydr + (x+2/y)dy = 0.
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Solution: We have (M, N) = (y,z + 2/y). We check

oM _
oy

d)(x,y):/deJr/(N—%/de) dy

which we calculate as

_ON

=%

So we can put

O(x,y) =xy+2logy

(y — 2?)dx + (z + y*)dy = 0.

Solution: We have (M, N) = (y — 2%,z + y*). We check

o _
oy

CI)(x,y):/deJr/(N—%/Mdm) dy

which we calculate as

_ON

=5

So we can put

®(z,y) =ay —2°/3+y°/3

(cos z cos? y)dz + 2(sin z sin y cos y)dy = 0.

Solution: We have (M, N) = (cosx cos? y, 2(sin z siny cosy). We check

oM . . ON

—— = —2coszsinycosy # 2cosrsinycosy = —

Ay ox

So this is not exact. On the other hand we see that the following equation is
exact.

(cos x cos® y)dx — 2(sin x siny cos y)dy = 0
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For this equation we calculate easily (or by inspection!)

®(x,y) = sinx cos®y

(d) 1+y)dz+ (1 —z)dy=0.

Solution: We have (M, N) = (1 +y,1 —z). We check

So this is not exact. On the other hand we see that the following equation is
exact.

(14+y)dr — (1 —z)dy =0
We get easily by inspection that

O(z,y) =2 —y+ay

2. Solve each of the following equations by finding an integration factor. (Taken from
Section 2.9 of Simmons’ book on differential equations.)

(a) (322 — y*)dz — (2zy)dy = 0.

Solution: We have (M, N) = (32% — y?, —2zy). We check

oM 9 __ON
oy y_(?x

So we can take the integration factor as 1!

CI)(:c,y):/]\/[dx—i—/(N—é%/de) dy

which we calculate as
®(z,y) = 2° —ay”

(b) ydz + (x4 323y*)dy = 0.

Solution: We have (M, N) = (y,z + 3z%y*). We check

oM ON
[ =1—(1 924:_ 2,4
3y e (14 92%y") 92y
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To find the integration factor ¢, we need to solve the equation

9 9
a—Z(fc + 32%y") — a—gy = (—=92%y")q

This looks difficult. However, we note that if ¢ = x%y®, then

@ — CLZL‘a_lya
Ox
@ — al,aya—l
dy

Substituting, we obtain
azy*(1+ 32*y") — az"y" = (—=92%y") (")

which simplifies to 3az®™2y*** = —929729%+4 This has the solution a = —3.
So, we put the integration factor as ¢ = 1/(zy)>.

O(z,y) = /q]\/[dx—i—/ (qN— 8%/qu:::> dy

which we calculate as

(c) (z —y)dx + (z+y)dy = 0.

Solution: We have (M, N) = (z —y,z +vy). We check

oM _ON _ _,
dy or

To find the integration factor ¢, we need to solve the equation

dq dq L
%(ery) a—y@ y) = —2q

This looks difficult. On the other hand we can solve the linear equations with
constant coefficients

d—aj—x—k
dt y
y_, .,
aw Y
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These are the parametric equations of the curves ®(z,y) = ¢ that we are looking
for. The parametric curve is then

(i) = (o)

It follows that % = tan(t + 0) where tanf = a/b. In other words, we see
that ¢ = tan~!(z/y) — 6. Further, we have z* + y* = €?(a® + b?), so that

t = (1/2)log(z? + y*) — logr for 72 = (a® + b*). Tt follows that

®(z,y) = (1/2)log(z® 4+ ) — tan™" (x/y)

is the function whose level curves are the trajectories. (A more geometric ap-
proach is to note that these are the logarithmic spirals.)
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