Differential Equations for Scientists
IDC205 Second Mid-Sem Exam 11 October 2018

Solutions to the Questions

(4 marks) 1. Indicate which of the following is exact and solve the one which is exact.

(a) (e* +y)dx + (x + cosy)dy = 0.

Solution: We have (M, N) = (¢ + y,x + cosy). We check

oM _
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0N

1= 2%
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So this is exact. (1 Mark) So we can put

@(x,y)—/de—ir/(N—a%/Mda:) dy

(1 Mark for this formula or with role of (M, z) and (V,y) reversed). which we
calculate as

O(z,y) =€+ zy +siny
(1 Mark for this answer.)

(b) (sinasin? y)dw + 2(cos x cosy siny)dy = 0.

Solution: We have (M, N) = (sinz sin® y, 2(cos x cos y siny). We check

oM . . . ON
v 2sinxsinycosy # —2cosxcosysiny = —
Y

ox

So this is not exact. (1 Mark)

2. For each of the following equations, find an integration factor as indicated.

(2 marks) (a) Integration factor of ydx + 2xdy = 0 as a function of y.

Solution: We have (M, N) = (y,2z). We check
oM _ON _ 1—2=—1
dy ox

If we assume that the factor of integration is a function ¢ of y alone, then we

have to solve for J M BN
q
Mprypq( 2 -2 ) =
ay 1 ( 9y Oz )
This is the equation (1 Mark for this.)
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This has the solution ¢ = y. (1 Mark for this.)

(2 marks) (b) Integration factor of ydx + 2xdy = 0 as a function of x.

Solution: Using ¢ as a function of x, we obtain the equation
d oM  ON

g (oY),
This is the equation (1 Mark for this.)

dq

—2r— —q=0
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which has the solution ¢ = 1/4/z. (1 Mark for this.)

(1 mark) (c) Integration factor of ydx + 2xzdy = 0 which is a function of z and y. (Dependent
on both.)

Solution: Since y(ydzr+2xdy) = dF for some F and (1/\/z)(ydx+2zdy) = dG
for some G it follows that

1
(y + ﬁ) (ydx 4 2zdy) = d(F + G)
So q(x,y) =y + 1/+/x is also an integration factor.

A different approach is to note that the equation has the form f(y)dz+g(z)dy =
0. So dividing by f(y)g(z) will give dx/g(x)+dy/ f(y) which is obviously exact.
So we can take ¢q(z,y) = 1/zy.

3. Use the Power Series method to solve the following differential equations upto the term
involving 2% in the form

y(x) = ag + a1z + agr® + asz® + . ..

by finding ag, a;, as and as.
(3 marks) (a) (dy/dx) = x —y with y(0) = 1.

Solution: We inductively calculate to obtain the equations

yW=z—y

Yy =1—z+y
yP =—-1+z—y
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(3 marks)

Substituting y(0) = 1 and using Taylor series we obtain
y(x)=1—a+2* —2°/3+ ...

(1 mark for each a; except ay.)

(b) (dy/dzx) = e¥ with y(0) = 1.

Solution: We inductively calculate to obtain the equations

y(l) — Y
y(2) — %
y(3) —

Substituting y(0) = 1 and using Taylor series we obtain
y(z) =1+ ex +a?/2 + +e2° /6 + . ..

(1 mark for each a; except ay.)
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