Diff Eqns for Scientists
IDC205 Assignment 2 16 August, 2018

Solutions to Assignment 2

1. Solve the linear ordinary differential equations with constant coefficients

di
@W_ A
i v

for each of the following matrices A by calculating exp(tA).
0 —1
wa=(§ 7
Solution: The characteristic polynomial of this matrix is 7(T" — 1) + 1 which
is the same as (T' — 1/2) 4+ 3/4. Following the notes, we put

J:w:i_(—l _2)

B3\

We then have J? = —1,. Hence, if we put

o= [(0) 7 @)= 24%)

then J -G = G - I where
| 0 —1
~\1 0/

Following the notes once again, we see that
3
exp(tA) = exp(t/2)G - R (t : \/7—) -G!

where

sinu  cosu

R(u) = exp(ul) = (

To complete the calculation (up to matrix multiplication!) we note that

G = ((1) %32)

cosu — sin u)

wa=(; 7))

Solution: The characteristic polynomial of A is (T — 1)* + 1. We follow the
same technique as above. We note that

(A—1,) = ((1) ‘01) .y
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Now, as above we define

cost —sint
sint cost

R(t) = exp(t]) = (

Since I = (A — 1,) we have R(t) = exp(tA) - exp(—tls). In other words

exp(tA) = exp(t) - R(t)

@a=(3 3

Solution: The characteristic polynomial of A is (T'—1)(7T'+1)+1 or equivalently
T?. In other words, this is a nilpotent matrix. By inspection we see that the

vector G) is in the image of A. It follows that if we put

o~ (1)
A.G:(g })zg.(g (1))
o (t(00)) =)

then

Using the fact that

It follows that

where we calculate

(®A:(QEJ

Solution: The characteristing polynomial of A is T'(T'4+1) — 1), or equivalently
(T +1/2)* — 5/4. We calculate

SRS A

A= 2 2 2 ~1-+5

The vector v; = ( \/—) is sent to 0 by the above matrix. Similarly, we

1—+/5
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—2
check that v3 = (1 n \/3) is mapped to 0 by A — (=1 — 1/5)/21,. Following

the method outlined in the notes, we then put

¢= <1—_i/5 1+_2¢§)

and check that

1-v5 1445 s
A'G:<—3+\/5 —3—\/§>:G'< 0 1_\/5)

It follows that

exp =1tv5 0
exp(tAd) =G - < ? )

where

-

Solution: The characteristic polynomial of A is T(T' — 1) — 1, or equivalently
(T —1/2)* — 5/4. We calculate

1+\/512:1<—1—\/5 2 )

2 2 ) 1-+5

A—

2
The vector v; = ( 1+ \/3> is sent to 0 by the above matrix. Similarly, we

check that v5 = 2\/—) is mapped to 0 by A — (1 —+/5)/21,. Following the

1 -5
method outlined in the notes, we then put

¢= (1 +2\/§ 1 —2\/3)

and check that

1+v5 1-5 L5
AG:(gws 3_¢3):G'< 0 f)
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It follows that

where

exp Vs 0
exp(tA) =G - ( ? ) v
0 exp(t 5
oL < L-V5 —2)

45 \ -1 -5 2
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