Functional Analysis

MTH402 Quiz 6 23 October, 2017

Solutions to Quiz 6

1. Given an example of a linear operator L : V' — W between normed linear spaces such
that its graph is closed, but L is not continuous. (Hint: Consider the space V' to be
the space of polynomials with usual norm given as below. The operator L : V — V is

differentiation.)

|P|| = sup |P(t)]
te(0,1]

Solution: We need to prove that the graph of L is closed. Consider a sequence
(P, @) in the graph which converges to (P, Q) in V' x V. This means:

1. @, is the derivative of P,,.
2. P, converges to P in the norm given above.

3. @, converges to () in the norm given above.

To prove that the graph is closed we need to show that @) is the derivative of P.

By the fundamental theorem of calculus, we have

P,(t) = P,(0) + /Ot Qn(z)dz

We note that for ¢ in [0, 1], we have

/OtQ(iL’)dx - /Ot Qn(z)dz

It follows that fot Qn(x)dx converges to fg Q(x)dz. We also have

< / Q) — Qu(@)|dz < H|Q — Qull < 1Q — Qul

|P(t) = Pu(t)] <[P = P
It follows that P,(t) converges to P(t) for all ¢ in [0, 1]. Hence we obtain the limit
t t
P,(t) = P,(0) +/ Qn(x)dx converges to P(0) + / Q(z)dx
0 0
It follows that we have the equation for all ¢ in [0, 1].
t
P(t) = P(0) + / Q(z)dx
0

Differentiating, we obtain that @ is the derivative of P at all ¢ in [0, 1]. Hence, (P, Q)
lies on the graph as required.
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To see that L is not continuous, note that (by the Weierstrass approximation theo-
rem) there is a sequence P, of polynomials converging to f(t) = |t — 1/2|. Clearly,
the derivatives of P, cannot cannot converge in the given norm as the derivative of f
does not exist at ¢ = 1/2! By the Bernstein approach, one can even give P, explicitly

as follows
Z| 2k — n) /2n|( )T"”“(l— )"+

It may be worthwhile to expllcltly check that the derivatives have unbounded norm.
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