Integers, Polynomials, Matrices

MTH302

Quiz 5 4 November, 2016

Solutions to Quiz 5

1. Given the symmetric matrix below:

A=

— = O

11
01
10

(a) Write down the quadratic form associated with the matrix.

Solution: We calculate

011 x
(z y 2)[1 01 y | =2(zy+yz+ 22)
110 z

(b) Convert the quadratic form to diagonal form.

Solution: We calculate

20y = = ((z +y)* — (z — y)?)

DO | —

Using this we get
1 2 1 2
2ry + 2yz + 221 = 5(:1: +y)* — 5(9& —y)* +2z(z +vy)

Next we see that

sy rosery) =2 (@ 4y +42(a+9) = = ((z +y+22)% — 422)

2

N =
N | —

Substituting this we get

1 1
2oy + 2yz + 220 = §(x +y+22)% —22% — 5(96 —y)?

Thus with the new variables u = x 4+ y + 2z, v = z and w = x — y we have the

diagonal form
1 1
—u? — 20 — —w?
2 2

(c) Write down the minimal polynomial of the matrix.
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Solution: We calculate the characteristic polynomial

T -1 -1
det | -1 T =11 =
-1 -1 T

TT* 1)+ (-T-1)-(1+T)=(T+1)(T*-T-2) =
(T +1)*(T - 2)

Since the matrix is diagonalisable, its minimal polynomial has distinct roots and
all the roots of the characteristic polynomial are roots of it. Hence, the minimal
polynomial is (7" + 1)(7 — 2).
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