Categories as sets with structure

In this section we will be interested in categories where the objects and morphisms
form sets.

Small category

A small category C is given by a tuple (Cy, Cy,7,1,4, ) where:

Cy and C are sets which are thought of as the set of objects and the set
of morphisms, respectively.

l:Cy — Cpand r: C; — Cy are set maps where a morphism f € Cj is

thought of as an arrow I(f) ER r(f).

i: Cy — C4 is a set map which associates to an object A € Cp, the identity
morphism 1 4.

p:Cr1 — C; is a set map which provides composition of morphisms as
follows:

- Ci1={(g9,f) g, f € Cr with i(g) = r(f)} is the collection of pairs
of “composable” morphisms.
— u(g, f) is thought of as the composition g o f of g and f.

We have [ o4 = 1¢, = r o ¢ which says that the identity morphism is from
an object to itself.

We have u(f,i(1(f)) = p(i(r(f)), f) = f which says that identity mor-
phisms are left and right identities with respect to composition.

We have I(u(g, f)) = U(f) and r(u(g, f)) = r(g) which says that composi-
tion produces an arrows from the left of the second part to the right of the

first part.
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If I(g) = r(f) and I(h) = r(g), then we have u(h, u(g, f)) = p(u(h, g), f)
which is the associative law for composition.

Note that this definition is similar to other set-theoretic definitions like those of
groups, rings, topological spaces, and so on.

Monoids

We have already seen examples of small categories, like the category associated
with a set or a group.



Another interesting example is that of a small category with one object. Since
Co = {-} is a singleton set, we see easily that the above conditions are often
easily satisfied. Thus, we are reduced to a smaller list of conditions as follows.

e M = ()} is a set which has a distinguished element 1p; = i(-).
o p:MxM— M is a set map.

o u(lar,m) = pu(m, 1,,) = m for every element m € M.

o p(a,pu(b, ) = u(u(a,d),c) for elements a,b,c in M.

A set with such a structure is called a monoid. Note the similarity with the
notion of a group except for the requirement every element has an inverse.

Groupoids

A small category in which every morphism is an isomorphism is called a groupoid.
Note that this means that we have (Cy, Cy,7,1,4, 1) as above as well as ¢ : Cy —
C which represents the inverse and satisfies:

e Ltor=1¢,
e [or=randrocr=1

o wlfsu(f) = i(r(f)) and p(e(f), f)) = i(l(f))

This generalises the category associated to a group by having a group C(A4, A)
associated with each object A. One checks that a morphism f: A — B gives
an isomorphism between the groups C(A, A) and C(B, B). Note that different
morphisms could give different isomorphisms so we can only identify these groups
upto isomorphism. In particular, a morphism f : A — A gives the isomorphsim
of C(A, A) to itself given by inner conjugation; as we know from group theory,
when this is a non-abelian group, this need not be the identity map.

Functors between Small Categories

A functor F' from a small category C = (Cy,Cy, 11,4, 1) to a small category
D = (Dy,C1,7,1,i, 1) can be defined as follows:

e Set maps Fy : Cy — Dy and Fy : C; — Dy which is the result of the
functor being applied to objects and morphisms.

e The condition ¢ o Fy = F} o ¢ which says that the image of the identity
morphism is the identity morphism.

e The conditions [ o F; = Fyol and r o F; = Fy o r which say that the left
and right of the image morphism are the images of the left and right of
the morphisms respectively.

o Given that I(g) = r(f), the condition Fi(u(g, f)) = u(Fi(g), F1(f)) which
says that functor on morphisms preserves composition.

It is clear that functors can be composed and that this composition is associative
and has left and right identities. In other words, we can make a category out of
small categories!



Natural Transformations

Note that the collection of functors between two small categories C and D form
a set Fun(C,D). In fact, this is a subset of those elements F = (Fp, Fy) of
Map(Coy, Do) x Map(Cy, D7) that satisfy the above conditions.

A natural transformation from F = (Fy, F}) to G = (Go, G1) consists of:

e A morphism 5 : Cy — D;.

o For an object A € Cy, the conditions I(n(A)) = Fo(A) and r(n(A)) = Go(A)
which say that (A) is a morphism in D from Fy(A) to Go(A).

o For a morphism f € Cj, we let A = I(f) and B = r(f). We have
w(G1(f),n(f))) = pMn(r(f)), F1(f)) which says that the following dia-
gram cominutes
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In other words, natural transformations Nat(F,G) can be seen as a subset of
Map(Co, D1) cousisting of those maps 1 that satisfy the above conditions. We
denote the natural transformation by the same symbol 7, which is a bit of abuse
of notation!

Given 7 : Cy — D; in Nat(F,G) and 7 : Cy — D; in Nat(G, H), we define the
composite natural transformation o = u(7,7n) : Co — Dy which maps A in Cy to
the element o(A) = u(7(A),n(A)) in Dy. Note that [(T(A)) = Go(A) = r(n(A))
so that this composition makes sense. One then checks that ¢ is an element of
Nat(F, H) as follows:

o For an object A € Cp, we note that

and
r(o(A4)) = r(u(r(A),n(A))) = r(7(A) = Ho(A)
o For a morphism f € Cy, let A = I(f) and B = r(f). We have the
commutative diagram
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We call i o Fyy : Cy — D1 the identity natural transformation from F' to itself as
it associates to A, the identity map 1p, (4 : Fo(A) — Fo(A).

We then check rather easily that this acts as identity for the composition of
natural transformations and that the composition of natural transformations is
associative.

In other words, the set Fun(C,D) is the collection of objects of a category
Fun(C, D) where natural transformations Nat(F, G) play the role of morphisms
from F to G.

This can appear to be a little complicated to begin with, but it is worth checking
all the algebraic identities involved!
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