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Recall

In the previous two lecture we introduced the notion of a Z-scheme F (of
finite type) via patching or as a quotient.

» F is a sheaf functor from CRing to Set for which there is
sheaf-theoretic surjection 7 : U — F where U = A(x;f) is a Z-affine
scheme of finite type.

» The kernel E = kern is also Z-affine scheme of finite type. Note that
we have a morphisms E — U x U.

» There are decompositions U = Ui_; U; and E = U7;_, V; j into affine
schemes so that £ — U x U is restricts to V;; — U; x U; for all i and
j-

» For each i and j the morphism V;; — U; is an affine open subscheme.
(By reflexivity, so is Vi ; — U;.)

Warning: The earlier version of these slides and the lecture was in error.
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Note that F is the sheaf quotient U/E by the equivalence relation E = U.
Hence, we can also give the alternative description of schemes as follows.

> We are given Z-affine schemes U = U, U; and E = U}, V; .

» There is a morphism E — U x U that makes E(R) an equivalence
relation on U(R) for each ring R. This morphism restricts to
morphisms V;; — U; x U; for each i and j.

» For each i and j the morphisms V;; — U; is an affine open subscheme.
(By reflexivity, so is V;; — U;.)

Warning: The earlier version of these slides and the lecture was in error.
In this case F is defined as the sheaf quotient U/E.

We now give some important examples of schemes.
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Projective space

Recall the notion of projective space P"(k) over a field k.

It is defined as the quotient of k™1 \ {(0,...,0)} by the equivalence
relation

(ag,...,an) ~ (vag,...,ua,) where u =0

In order to generalise this definition to arbitrary rings, we need to resolve
the following issues:

» A"\ {(0,...,0)} is a quasi-affine scheme and not an affine scheme
for n > 0.

» The equivalence classes are not discrete/finite.
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The first problem can be resolved (partially) by writing A1\ {(0,...,0)}
as the sheaf-theoretic union of X; = A(xo, ..., Xn, yi; xiyi — 1) which is the
open subscheme of A" where x; is a unit.

In other words, we have a surjection of sheaf functors

L7 o X — AN\ {(0,...,0)}

Note that the equivalence relation associated to this surjection is the
disjoint union of X;; = A(x, yj, yji xiyi — 1,xjy; — 1) over all i and j.

However, we also need to quotient by the equivalence relation associated
with
(a0, .. -,an) ~ (uag, ..., ua,) where u is a unit
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Note that in X;, the function x; is a unit.

Thus, U; = A(x; x; — 1) is a closed subscheme of X; that “slices” each
equivalence class. Note that U; = A".

Since we do not want to slice twice, we take
Uij=A(xo, - xn, yji xi — L, xjy; — 1)
This is the affine open subscheme of U; where x; is a unit.
The morphism U;; — U; is given by
(X0, - -+ Xn, ¥j) — (¥jX0, - - -, ¥jXn)

Note that y;jx; = 1 on the right-hand side.

This morphism identifies U;; with the affine open subset of U; where
X; = yj is a unit.
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In other words, U;j(R) as a subset of U;(R) x U;(R) consists of pairs of
tuples ((ao, ..., an), (bo, ..., bn)) such that:

> a=1and b =1
» a; and b; are units such that ajb; =1
» bjaix = by and (equivalently) ajb, = a, for k =0,...,n

It follows that E = LU7;_; U;; gives an equivalence relation on U = LI, U;.

The scheme P" is defined as the quotient U/E.
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Closed subscheme of P”

We now introduce a closed subscheme of P as the locus where a collection
fi,..., fn of homogeneous polynomials vanish.

This subscheme will be denoted as P(x; f) = P(xo, ..., Xn; fi,...,fm).

We can define

VinP(x;f) =V, =A(x0, .., Xiy- -y Xm X — L, A, oo )

This is an affine scheme.
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Recall that U; j(R) as a subset of U;j(R) x Uj(R) consists of pairs of tuples
((a0,---an), (bo,...,bpn)) such that:

> a;=1and b =1
» a; and b; are units such that a;b; = 1
» bjay = by and (equivalently) ajby, = a, for k =0,...,n

We calculate:

fr(ao, ..., an)
= f.(ajbo, ..., ajbn) (since ax = ajby)
= af’f,(bo, .., bp) (since f, is homogeneous)

where d, is the degree of f,.

Since aj is a unit in R, we see that f.(a) = 0 if and only if f,(b) = 0.
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This shows that the following intersections are equal inside U;(R) x U;(R)

Uij(R) N (Vi(R) x Vj(R))
1i(R) N (Ui(R) x Vj(R))
ii(R) N (Vi(R) x Uj(R))

We call these intersections V; ;.

=U;
U;

Now define V =1L ;V; and Ey = I_I?J-:1 V; j with the natural pair of
morphisms Ey = V.

The above discussion shows that V;; — V; is the affine open set where Xx; is
a unit.

Thus, the conditions for Eyy = V to have scheme as its sheaf quotient are
satisfied.

The projective scheme P(x; f) is the sheaf quotient V/Ey .
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Quasi-projective schemes

This can be further extended to the notion of a quasi-projective scheme

P(XOa"'uxn;flv"wfm;glv"‘vgf)

where f1,...,fm,g1,..., 8¢ are homogeneous polynomials.
This is the locus inside P(xo, ..., Xn; f1,...,fm) Where g1, ..., g/ generate
the unit ideal.

We define Ws ; = A(Xo, ..., Xn, Ve; X; — L, f1, ..., fm, vsgs — 1).

Note that for a point (a,b) in U;j(R), the value of g5(a) is a unit multiple
of gs(b) forall s =1,... ¢

In particular, the condition that g5 is a unit is independent of whether we
are looking at the point in U; or in U;.
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We now take W(s,i),(r,j)(R) to be U,'J(R) N W57,'(R) X WrJ(R) inside
Ui(R) x Ui(R).

From the above discussion, we see that Eyy = Us ;W ) (rj) is @ Z-affine
scheme which is an affine open subscheme of W = Lis ;W; ; under either

projection.
Moreover, one checks as above that Eyy, = W is an equivalence relation.

The quasi-projective scheme P(xg, ..., Xn; fi,. ., fm: &1, -.,8¢) is the sheaf
quotient W/Ey.
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